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Abstract 
Bramson, M. and C. Neuhauser, A catalytiL surface reaction model, Journa! of Computational and Applied 
Mathematics 40 (1992) 157-161. 
The purpose of this paper is to describe a two-dimensional catalytic surface reaction between two reactants, M 
and P,: P, + nM + nPM, where P,I is a polymer consisting of 12 identical atoms and M is a monomer. A 
classical example is the oxidation of carbon monoxide. In this case, M = CO and P,, = Oz. We will consider the 
case where n, the polymer size, is large. Detailed proofs will be given in a forthcoming paper. 
Keywords: Continuous time Markov process, catalytic surface reaction. 
1. Introduction 
We consider a simple model which describes a reaction between two components on a 
catalytic surface. The surface is given by the two-dimensional integer lattice. The components 
are adsorbed on vacant sites of the catalytic surface. One of the components is a monomer M 
which requires only a single vacant site for adsorption. The other component is a polymer Pn, 
consisting of n = N* identical atoms arranged in a square of length N, which requires a vacant 
N X N square on the surface for adsorption. After adsorption, the polymer disassociates into 
N* polymer atoms, each of which occupies a single site. Monomers and polymer atoms are 
assumed to react with each other instantly when they are within a given distance. 
We model this reaction as a continuous time Markov process in which the state at time t is 
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Z, : Zi’ + (0, 1, 2) (that is, each site in Z’ is assigned the value 0, 1 or 2). We interpret 0 as being 
vacant, and 1 (respectively 2) as being occupied by a monomer (respectively polymer atom). The 
dynamics consist of three parts: adsorotion, reaction between different components and 
desorption. The rules are as follows. 
(i) O’s turn into l’s at rate 1, i.e., vacant sites become occupied by monomers at rate 1. 
(ii) N x N squares of o‘s turn into N x N squares of 2’s at rate A, i.e., Pi x N squares of 
vacant sites are occupied by polymers at rate A. Polymers disassociate into single polymer 
atoms upon landing. 
(iii) If &I y) -- 1 :18k 4 &(x) = 2 for some X, y E Z* with 11 x -y IIS < R, then both x and y are 
immediately vacated. 
Here, II x II x < R means sup, 1 Ti I< R. Rules (i) and (ii) describe the adsorption mechanisms, 
rule (iii) describes the reaction between the components and desorption of the product. If a 
monomer is adsorbed and can react with more than one polymer atom (or vice versa), we 
choose one such atom at random. Consequently, a monomer reacts with only one polymer 
atom. The range R will be a finction of N, the polymer length. 
We investigate this model for N large. As we will see, the system exhibits different behavior 
depending on whether the range is large or small con-pared with the polymer size. 
2. Oxidation of carbon monoxide 
We first describe the original model which motivated this investigation. This model was 
introduced by Ziff et al. in [12]. They considered the chemical reaction between oxygen 0, and 
carbon monoxide CO on a catalytic surface, a reaction which is important in automobile 
emission control. The catalytic surface is again represcr: red by the two-dimensional integer 
lattice Z’. In the first step of the dynamics, the reactants are adsorbed on the surface. CO 
requires a single vacant site, whereas 0, requires two adjacent vacant sites to adsorb. 0, 
disassociates into two single 0 atoms upon adsorption. Adjacent CO molecules and 0 atoms 
react instantly to form CO,, which immediately leaves the surface. The relative concentration 
of the 0, and CO molecules in the gaseous state before adsorption is kept fixed. Ziff et al. 
observed interesting steady state behavior and two types of phase transitions. If the ratio of 0, 
to CO in the gaseous phase is high, oxygen poisoning occurs, that is, the integer lattice will 
eventually become completely occupied by oxygen atoms and the reaction ceases. If the ratio is 
low, carbon monoxide poisoning occurs. For intermediate concentrations of oxygen and carbon 
monoxide, they found a reactive state in which both components occupy a positive fraction of 
the surface and for which the reaction persists (that is, the components coexist). Their 
computer simulations strongly suggest hat the phase transition between the oxygen poisoned 
state and the reactive state is continuous, whereas the transition between the reactive state and 
the carbon monoxide poisoned state is discontinuous. 
Their paper was followed by a series of nonrigorous papers in the physics literature (see, e.g., 
[4,8,10]). There are very few rigorous results on catalytic surface reaction models. A simplified 
model in which oxygen requires only a single vacant site for landing was studied in [9]; this 
result was extended in Ill]. Durrett and §windle [7] have investigated the original model of Ziff 
et al. under the additional assumption that the reactants move at a high rate on the surface. 
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3. The case of large polymers 
We study the behavior of the model when the polymer size is large. We will see that the 
behavior depends on how large the range of the interaction is relative to the polymer size. 
From now on, polymers are N X N blocks which are adsorbed at rate A on vacant N x N 
squares; N will be large. Monomers are adsorbed at rate 1 on vacant sites. The range of 
interaction is R, which depends on N. 
Before we state our results, we define the following sets of initial configurations. Let Zi 
(respectively EZ) be those configurations which at time 0 -t still have, with probability 1, 
infinitely many monomers or vacant sites (respectively infinitely many N X N squares not 
containing any monomers). Set 3 = Z1 n & Note that &, E E1 rules out the case where the 
initial configuration has infinitely many vacant N X N squares but is otherwise completely filled 
with polymers. (For A = 00, this would result in an immediate polymer poisoning of the surface.) 
The first theorem shows that monomer poisoning occurs when the range of interaction is 
small relative to the polymer size. 
Theorem 1. Let R = EN with N large. There is an l 0 > 0 so that for co E E, and 0 < E < Q’, the 
polymers die out locally with probability 1 for all A > 0. 
It is perhaps somewhat surprising that coexistence cannot occur for large pc4ymers no matter 
how large A is, since this behavior differs from that exhibited in the literature (always for small 
NJ. 
The behavior is more complex when the range is large relative to the polymer size. This is 
the content of the next theorem. 
Theorem 2. Let R = mN with N large. There is an .mO > 0 so that for m >, m,, 
(i) if h is sufficiently large, coexistence occurs with probability 1 *when starting from any initial 
configuration & E E; 
(ii) if A is small, the polymers die out locally with probability 1 when starting from any initial 
configuration to E E, . 
We remark that there is no obvious monotonicity in the system which shows that decreasing 
A implies a decreasing density of polymers. Therefore, Theorem 2 does not imply the existence 
of a critical A, at which the behavior of the system changes from monomer poisoning to 
coexistence. However, this does not prevent us from making the following conjecture. 
Conjecture. Let &, be a translation-invariant initial configuration in E. If R/N and N are 
sufficiently large, then there exists a critical A, E (0, 00) such that 
A, = 
lim P@,(O) = 2) > 0)’ 
f--)=J 
lim P@,(O) = 1) = 1). 
t+m 
AS indicated in the Abstract we do not give proofs here. However, we present a brief 
description of the main ideas. Ail the proofs are based on renormalization, by now, a fairly 
standard technique in particle systems (see, e.g., [1,2,6]). 
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F-jr the proof of Theorem 1, we tile the plane into L >I: L squares where L = SN. We call 
such squares occupied if they contain at least one monomer. We call an L X L square Crotecten 
if all of its eight nearest neighbors (in the L” norm) are occupied. The choice of L implies that 
adsorbing polymers cannot intersect protected squares. The key idea is that before an L X L 
square is completely vacant, monomers will, with high probability, land and remain there 
(without reacting with a polymer atom). These monomers then block polymers from landing in 
protected squares; some monomers will, with high probability, also be adsorbed in neighboring 
squares, thereby creatrng more protected squares. Protected squares will then typically “fill up” 
with monomers, which causes the polymers within range R to desorb. This procedure contin- 
ues, with neighboring squares continually being invaded by monomers. Thus, comparison with a 
growth model (e.g., biased voter model) shows that a solid blob of occupied squares has a 
positive probability of growing indefinitely. 
The proof of Theorem 2(i) consists of two parts: to prove coexistence for R/N, N and h 
sufficiently large, one needs to show that neither monomers nor polymers can poison the 
lattice. It is not hard to see that monomers cannot take over. For this, we will tile the lattice 
into N x N squares and ;a11 a square occupied if it does not contain any monomers. Suppose 
that a given square is occupied. A monomer can only remain on the lattice ic there are no 
polymers within range R. Since !L * p rsr,g.c is iarge relative to the polymer size, there will be 
enough space for polymers to be adsorbed and react with monomers. If A is sufficiently large, 
then with probability close to 1, repeated adsorption of polymers will remove all mcnomers 
within range R of this square. This creates further occupied squares. Proceeding in this manner 
and comparing the set of occupied squares with oriented percolation, it follows that occupied 
squares will percolate. 
For the other half of (ii, we still need to show that polymers cannot take over. The proof is 
rather complicated. It is based on another renormalization argument. The renormalization is 
given by L X L squares where L E (+R, $R). One defines certain good events relating to 
squares, and shows that if the square centered at the origin is good at time 0, then, with 
probability close to 1, ali four adjacent squares, centered at ( + $5, 0) and (0, + $9, will be 
good at some fixed time T. Comparison with an appropriate supercritical oriented percolation 
process will then imply (9. The key idea is to keep track of the minimal number of polymer 
atoms that need to be remov-c’ LX--- bu UGPULG a square can bt; completely filled by polymer atoms. Call 
this quantity K. Then K can only decrease by one each time but can take large jumps up 
(depending on where monomers/polymers are adsorbed). We call a square good if K is 
sufficiently large. The proof relies on the fact that if K is not too large, then for at least a fixed 
proportion of the polymer atoms, the surrounding :N x $N square is completely filled with 
polymer atoms as well. Before K can decrease to 0, it will therefore be the case that except for 
an exponentially small probability, one of these “surrounded” polymer atoms will be removed. 
This then results in a sharp increase of K. Repeating this reasoning, it follows that K will, with 
high probability, remain large, and thus the square remains good for at least T units of time. 
The proof of Theorem 2(G) is considerably less involved. Intuitively, the result is quite clear: 
if polymers are adsorbed at a rate much smaller than Ne2, then the monomers must take over. 
There are, nonetheless, a few technical difficulties. One approach is to again compare the 
process with oriented percolation. In this case, a result from [5] on orier,ted percolation 
suffices. 
More details will given in a subsequent paper 131. 
M. Bramson, C. Nellhauser / Catalytic swface reaction 
References 
161 
[ll 
121 
[31 
[41 
PI 
I61 
[71 
Bl 
[91 
[lOI 
[ill 
WI 
M. Bramson, Survival of nearest particle systems with low birth rate, Ann. Probat. 17 (1989) 433-443. 
M. Bramson and R. Durrett, A simple proof of the stability criterion of Gray and Griffeath, Probab. Theory 
Related Fields 80 (1988) 293-298. 
M. Bramson and C. Neuhauser, Rigorous results for a catalytic surface reaction model, in preparation. 
R. Dickman, Kinetic phase transition in a surface reaction model: mean-field theory, Phys. Rec. A 34 (1986) 
4246-4250. 
R. Durrett, Multicolor particle systems with large threshold and range, preprint, 1991. 
R. Durrett, A new method for proving the existence of phase transitions, in: K.S. Alexander and J.C. Watkins, 
Eds., Spatial Stochastic Processes: A Festschrift in Honor of Ted Harris on his 70th Birthday (Birkhzuser, Boston, 
1991) 141-169. 
R. Surrett and G. Swindle, in preparation. 
J. Evans and M. Miesch, Characterizing kinetics near a first-order catalytic poisoning transition, Phys. Rec. Lett. 
66 (1991) 833-836. 
E. Grannan and G. Swindle, Rigorous results on a mathematical model of catalytic surfaces, J. Statist. Phys. 61 
(1990) 1085-1103. 
I. Jensen, H. Fogedby and R. Dickman, Critical exponents for an irreversible surface reaction model, Phys. Rer. 
A 41(1990) 3411-3414. 
T. Mountford and A. Sudbury, An extension of a result of Swindle and Grannan on the poisoning of catalytic 
surfaces, preprint, 1991. 
R. Ziff, E. Gulari and Y. Barshad, Kinetic phase transition in an irreversible surface reaction model, Phys. Rec. 
Lett. 56 (1986) 2553-2556. 
